
Definitions

Making generous use of the formulas to expand probabilities of unions or inter-
sections of n events (RHS sums have 2n − 1 terms in total):

P(A1 ∨ . . . ∨An) = P(A1) + . . .− P(A1 ∧A2)− . . .+ (−1)n+1P(A1 ∧ . . . ∧An)

P(A1 ∧ . . . ∧An) = P(A1) + . . .− P(A1 ∨A2)− . . .+ (−1)n+1P(A1 ∨ . . . ∨An)
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1 Single lepton triggers

1.1 One e/µ trigger, n leptons

P(Tn) = P(`1 ∨ . . . ∨ `n)

= 1− P(¯̀
1 ∧ . . . ∧ ¯̀

n)

= 1−
∏

1≤k≤n

(1− P(`k)) (1)

This is the formula implemented in the muon trigger scale factor tool.

1.2 One e + one µ trigger, ne + nµ leptons

P(Tne+nµ) = P(Ene ∨Mnµ)

= 1− P(Ēne)P(M̄nµ)

= 1−
∏

1≤k≤ne

(1− P(ek))
∏

1≤k≤nµ

(1− P(µk)) (2)

This is the same formula as the previous case. Note however that the total
efficiency can’t be factorized into separate contributions for electrons and muons
(because of this leading “1 -” term breaking linearity), so the scale factor has
to be evaluated at once considering both lepton flavours.

1.3 Several e/µ triggers, n leptons

If there are k triggers in the combination:

P(Tn) = P(T 1
n ∨ . . . ∨ T kn )

= 1− P(T̄ 1
n ∧ . . . ∧ T̄ kn )

= P(¯̀1
1 ∨ . . . ¯̀k

1)× . . .× P(¯̀1
n ∨ . . . ¯̀k

n)

= 1−
∏

1≤j≤n

(1− P(`
λj
j )) (3)

This is, conveniently, the same expression as for a single trigger 1, except that
for each lepton one needs to consider the probability of triggering the loosest
trigger leg according to the established hierarchy, The index of this loosest leg
is indicated by λj ∈ [0, k − 1]. As indicated by the subscript j, this index may
vary from one lepton to the other since a given lepton might not be on plateau
for all k legs; also, the hierarchy itself is sometimes pT-dependent.
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1.4 Several e + µ triggers, ne + nµ leptons

Straightforward combination of sections 1.2 and 1.3:

P(Tn) = 1−
∏

1≤j≤ne

(1− P(e
λj
j ))

∏
1≤j≤nµ

(1− P(µ
λj
j )) (4)

2 Dilepton triggers, simple cases

2.1 One eµ trigger, ne + nµ leptons

Need to fire both the electron and the muon legs, things factorize nicely:

P(Tne+nµ) = P(Ene ∧Mnµ)

= P(Ene)× P(Mnµ)

=

1−
∏

1≤k≤ne

(1− P(ek))

×
1−

∏
1≤k≤nµ

(1− P(µk))

 (5)

2.2 One symmetric ee/µµ trigger, n leptons

For example 2e12 lhloose. The efficiency is computed by induction over the
number of leptons n. Let’s define Sn−1 = `1 ∨ . . . ∨ `n−1, i.e. when at least one
leg was fired by one of the first n− 1 leptons. Then:

P(Tn) = P(Tn−1 ∨ (`n ∧ Sn−1))

= P(Tn−1) + P(`n ∧ Sn−1)− P(Tn−1 ∧ `n ∧ Sn−1)

= (1− P(`n))P(Tn−1) + P(`n)P(Sn−1) since Tn−1 ∧ Sn−1 = Tn−1

= (1− P(`n))P(Tn−1) + P(`n)

1−
∏

1≤k≤n−1

(1− P(`k))

 (6)

This is straightforward to implement:

p[0] = 0

s[0] = 1

for k = 1 to n:

p[k] = (1-e[k])*p[k-1] + e[k]*(1-s[k-1])

s[k] *= (1-e[k])

return p[n]

2.3 One asymmetric `` trigger, n leptons

For example mu18 mu8noL1. The two legs are differentiated by superscripts
(`1k, `2k), with the leg(1) having a higher pT threshold than the leg (2). Using
induction again:
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P(Tn) = P(Tn−1 ∨ (`1n ∧ S2
n−1) ∨ (`2n ∧ S1

n−1))

= (1− P(`λnn ))P(Tn−1) + P(`1n)P(S2
n−1) + P(`2n)P(S1

n−1)

− P(`τnn )P(S1
n−1 ∧ S2

n−1)

= (1− P(`λnn ))P(Tn−1) + (P(`λnn )− P(`τnn ))P(Sτnn−1)

+ P(`τnn )P(S1
n−1 ∨ S2

n−1) (7)

where λk (resp. τk) is the index of the trigger leg that is the loosest (resp.
tightest) according to the established hierarchy at the lepton k’s pT.

The expressions for P(S1
n−1) and P(S2

n−1) are given by 1, and P(S1
n ∨ S2

n) is
simply the probability for a logical “or” of two same-flavour two single-lepton
triggers, hence is given by 4.

3 Combination of dilepton and single lepton trig-
gers, only one lepton flavour

3.1 One symmetric `` + one or more same-flavour ` trig-
gers, n leptons

First addressing the case of one single-lepton trigger, then generalizing. Super-
scripts 1 and 2 will respectively correspond to the single lepton trigger leg, and
the dilepton trigger leg.

P(Tn) = P(Tn−1 ∨ `1n ∨ (`2n ∧ S2
n−1))

= P(Tn−1)[1− P(`1n)] + P(`1n) + [P(`2n)− P(`τnn )][P(S2
n−1)− P(Tn−1 ∧ S2

n−1)]

= P(Tn−1)[1− P(`1n)] + P(`1n) + [P(`2n)− P(`τnn )][P(Tn−1 ∨ S2
n−1)− P(Tn−1)]

= P(Tn−1)[1− P(`1n)] + P(`1n) + [P(`2n)− P(`τnn )][P(S1
n−1 ∨ S2

n−1)− P(Tn−1)]

= P(Tn−1)[1− P(`λnn )] + P(`1n) + P(S1
n−1 ∨ S2

n−1)[P(`2n)− P(`τnn )]

= P(Tn−1)[1− P(`λnn )] + P(`1n) + δλn2 P(S1
n−1 ∨ S2

n−1)[P(`2n)− P(`1n)]

The expression for P(S1
n−1 ∨ S2

n−1) is given by ??.
For more than one single-lepton trigger, we denote Zn := S1,1

n ∨ . . . ∨ S1,k
n

the union of the k single-lepton triggers. We also denote by the superscript 1
the loosest single-lepton trigger for the lepton n. Then:

P(Tn) = P(Tn−1 ∨ (`1,1n ∨ . . . ∨ `1,kn ) ∨ (`2n ∧ S2
n−1))

= P(Tn−1 ∨ `1n ∨ (`2n ∧ S2
n−1))

= P(Tn−1)[1− P(`λnn )] + P(`1n) + δλn2 P(Zn−1 ∨ S2
n−1)[P(`2n)− P(`1n)] (8)
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3.2 One asymmetric `` + one or more same-flavour ` trig-
ger, n leptons

Uperscripts 2 and 3 indicate the two legs of the dilepton trigger, while 1 indicates
the loosest of the single-lepton trigger legs for the lepton n (i.e. equivalent to λ1n
in the previous section). However, S1

n−1 still represents the event of triggering
with any of the single-lepton triggers for one of the first n− 1 leptons.

P(Tn) = P(Tn−1 ∨ (`1n ∧ S2
n−1) ∨ (`2n ∧ S1

n−1) ∨ `3n)

= [1− P(`3n)]P(Tn−1) + P(`3n) + [P(`1n)− P(`
τ1,3
n
n )][P(S2

n−1)− P(Tn−1 ∧ S2
n−1)]

+ [P(`2n)− P(`
τ2,3
n
n )][P(S1

n−1)− P(Tn−1 ∧ S1
n−1)]

+ [P(`τnn )− P(`
τ1,2
n
n )][P(S1

n−1 ∧ S2
n−1)− P(Tn−1 ∧ S1

n−1 ∧ S2
n−1)]

= [1− P(`3n)]P(Tn−1) + P(`3n) + [P(`1n)− P(`
τ1,3
n
n )][P(Tn−1 ∨ S2

n−1)− P(Tn−1)]

+ [P(`2n)− P(`
τ2,3
n
n )][P(Tn−1 ∨ S1

n−1)− P(Tn−1)]

+ [P(`τnn )− P(`
τ1,2
n
n )][P(Tn−1 ∨ S1

n−1) + P(Tn−1 ∨ S2
n−1)− P(Tn−1)− P(Tn−1 ∨ S1

n−1 ∨ S2
n−1)]

= [1− P(`λnn )]P(Tn−1) + P(`3n) + (1− δλn3 )[P(`λnn )− P(`mnn )]P(Tn−1 ∨ S
τ1,2
n
n−1)

+ δτn3 [P(`mnn )− P(`3n)]P(Tn−1 ∨ (S1
n−1 ∧ S2

n−1))

= [1− P(`λnn )]P(Tn−1) + P(`3n) + (1− δλn3 )[P(`λnn )− P(`mnn )]P(S3
n−1 ∨ S

τ1,2
n
n−1)

+ δτn3 [P(`mnn )− P(`3n)]P(S1
n−1 ∨ S2

n−1 ∨ S3
n−1) (9)

where mn stands for the “medium” leg (neither the tightest, nor the loosest)
according to the hierarchy for the lepton n. The different terms can be evaluated
with 4, and using induction.

3.3 Two sym. `` + several ` triggers, n leptons

Superscripts 1 and 2 stand for the symmetric triggers, and superscript 3 for
the loosest single lepton trigger for the lepton n. Sjn−1 represents the event of
triggering the leg j with any of the first n − 1 leptons (for j = 3, it should be
interpreted as “any single lepton trigger”). mn stands for the sub-tightest leg
for the lepton n.

P(Tn) = P(Tn−1 ∨ (`1n ∧ S1
n−1) ∨ (`2n ∧ S2

n−1) ∨ `3n)

This happens to be the same starting expression as eq.8, except that the
reduction of the (Tn−1 ∨ Sn−1 . . .) terms in the last step is different; here the
remaining terms resolve to:

• Tn−1 ∨ S1,2
n−1 = D2,1

n−1 ∨ Zn−1 ∨ S1,2
n−1, then evaluated with eq. 8

• Tn−1 ∨ S1
n−1 ∨ S2

n−1 = Zn−1 ∨ S1
n−1 ∨ S2

n−1, with eq. 2
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where D1,2 stand for the symmetric triggers and Z for the combination of single-
lepton triggers.

3.4 One sym. `` + one asym. `` + several ` triggers, n
leptons

Superscript 1 stands for the symmetric trigger, superscripts 2 and 3 for the two
legs of the asymmetric trigger, and superscript 4 for the loosest single lepton
trigger for the lepton n. Sjn−1 represents the event of triggering the leg j with
any of the first n− 1 leptons (for j = 4, it should be interpreted as “any single
lepton trigger”). mn stands for the second tightest leg for the lepton n, νn for
the third.

P(Tn) = P(Tn−1 ∨ (`1n ∧ S1
n−1) ∨ (`2n ∧ S3

n−1) ∨ (`3n ∧ S2
n−1) ∨ `4n)

= P(`4n) + P(Tn−1)[1− P(`4n)] + [P(S1
n−1)− P(Tn−1 ∧ S1

n−1)][P(`1n)− P(`
τ1,4
n
n )])

+ [P(S2
n−1)− P(Tn−1 ∧ S2

n−1)][P(`3n)− P(`
τ3,4
n
n )] + [P(S3

n−1)− P(Tn−1 ∧ S3
n−1)][P(`2n)− P(`

τ2,4
n
n )])

+ [P(S1
n−1 ∧ S2

n−1)− P(Tn−1 ∧ S1
n−1 ∧ S2

n−1)][P(`
τ1,3,4
n
n )− P(`

τ1,3
n
n )])

+ [P(S1
n−1 ∧ S3

n−1)− P(Tn−1 ∧ S1
n−1 ∧ S3

n−1)][P(`
τ1,2,4
n
n )− P(`

τ1,2
n
n )])

+ [P(S2
n−1 ∧ S3

n−1)− P(Tn−1 ∧ S2
n−1 ∧ S3

n−1)][P(`
τ2,3,4
n
n )− P(`

τ2,3
n
n )])

+ [P(S1
n−1 ∧ S2

n−1 ∧ S3
n−1)− P(Tn−1 ∧ S1

n−1 ∧ S2
n−1 ∧ S3

n−1)][P(`
τ1,2,3
n
n )− P(`

τ1,2,3,4
n
n )]

= P(`4n) + P(Tn−1)[1− P(`λnn )] + δλn1 P(Tn−1 ∨ S1
n−1)[P(`1n)− P(`νnn )])

+ δλn3 P(Tn−1 ∨ S2
n−1)[P(`3n)− P(`νnn )] + δλn2 P(Tn−1 ∨ S3

n−1)[P(`2n)− P(`νnn )])

− P(Tn−1 ∨ S1
n−1 ∨ S2

n−1)[P(`mnn )− P(`
τ1,3
n
n )]− P(Tn−1 ∨ S1

n−1 ∨ S3
n−1)[P(`mnn )− P(`

τ1,2
n
n )])

− P(Tn−1 ∨ S2
n−1 ∨ S3

n−1)[P(`mnn )− P(`
τ2,3
n
n )] + δτn4 P(Tn−1 ∨ S1

n−1 ∨ S2
n−1 ∨ S3

n−1)][P(`mnn )− P(`4n)]
(10)

The different terms forming this expression can be evaluated with already-
established formulas for simpler combinations of triggers, by using that:

• Tn−1 ∨ S1
n−1 = An−1 ∨ Zn−1 ∨ S1

n−1, then evaluated with eq. 9

• Tn−1 ∨ S2,3
n−1 = Dn−1 ∨ Zn−1 ∨ S2,3

n−1, with eq. 8

• Tn−1 ∨ S1
n−1 ∨ S

2,3
n−1 = Zn−1 ∨ S1

n−1 ∨ S
2,3
n−1, with eq. 2

• Tn−1 ∨ S2
n−1 ∨ S3

n−1 = Dn−1 ∨ Zn−1 ∨ S2
n−1 ∨ S3

n−1, with eq. 8

• Tn−1 ∨ S1
n−1 ∨ S2

n−1 ∨ S3
n−1 = Zn−1 ∨ S1

n−1 ∨ S2
n−1 ∨ S3

n−1, with eq. 2

where D stands for the symmetric trigger, A for the asymmetric trigger, and Z
for the combination of single-lepton triggers.
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4 Combinations of dilepton and single lepton
triggers, mixing lepton flavours

4.1 One eµ + several single-e/µ triggers, ne + nµ leptons

We denote by Ze and Zµ the unions of the single-electron (resp. single-muon)
triggers, and by S2

e/S
2
µ the legs of the eµ trigger. Then:

P(Tne+nµ) = P((S2
e ∧ S2

µ) ∨ Ze ∨ Zµ)

= P(Ze ∨ Zµ) + [P(S2
e )− P(S2

e ∧ Ze)][P(S2
µ)− P(S2

µ ∧ Zµ)]

= P(Ze ∨ Zµ) + [P(Ze ∨ S2
e )− P(Ze)][P(Zµ ∨ S2

µ)− P(Zµ)]

= 1− [1− P(Ze)][1− P(Zµ)] + [P(Ze ∨ S2
e )− P(Ze)][P(Zµ ∨ S2

µ)− P(Zµ)]

(11)

4.2 One ee/µµ + one eµ trigger, ne + nµ leptons

P(Tne+nµ) = P(De ∨ (Se ∧ Sµ))

= P(De)(1− P(Sµ)) + P(Sµ)P(De ∨ Se) (12)

the different terms can be evaluated with 1, 6 (7) or 8, depending whether
the ee/µµ trigger is symmetric or not.

4.3 One ee + one µµ + one eµ trigger, ne + nµ leptons

P(Tne+nµ) = P(De ∨ (Se ∧ Sµ) ∨Dµ)

= P(De)[1− P(Dµ ∨ Sµ)] + P(Dµ)[1− P(De ∨ Se)]
+ P(De ∨ Se)P(Dµ ∨ Sµ) (13)

the different terms can be evaluated with 1, 6 or 8.

4.4 One ee + one µµ + one eµ trigger + several e/µ trig-
gers, ne + nµ leptons

We denote Ze := S1a
e ∨ . . . ∨ S1ke

e the union of the ke single-electron triggers,
and similarly Zµ for the kµ single-muon triggers. Then:

P(De ∨ (S2
e ∧ S2

µ) ∨Dµ ∨ Ze ∨ Zµ)

= P(Dµ ∨ Zµ) + [1− P(Dµ ∨ Zµ)]P(De ∨ Ze)
+ [P(S2

µ)− P(S2
µ ∧Dµ)− P(S2

µ ∧ Zµ) + P(S2
µ ∧Dµ ∧ Zµ)]

× [P(S2
e )− P(S2

e ∧De)− P(S2
e ∧ Ze) + P(S2

e ∧De ∧ Ze)]
= 1− [1− P(Dµ ∨ Zµ)][1− P(De ∨ Ze)]

+ [P(Dµ ∨ Zµ ∨ S2
µ)− P(Dµ ∨ Zµ)][P(De ∨ Ze ∨ S2

e )− P(De ∨ Ze)] (14)
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the evaluation of the different terms (one dilepton trigger + several single-
lepton triggers) can be performed with 8 and 9.

4.5 Two ee + two µµ + two eµ + several e/µ triggers,
ne + nµ leptons

Notation: E = all dielectron or single electron triggers, M = all dimuon or
single muon triggers, Ske (resp. Skµ) the electron leg (resp. muon leg) of the k-th
eµ trigger.

P(Tn) = P(E ∨ (S1
e ∧ S1

µ) ∨ (S1
e ∧ S1

µ) ∨M)

= 1− (1− P(E))(1− P(M)) + [P(E ∨ S1
e )− P(E)][P(M ∨ S1

µ)− P(M)]

+ [P(E ∨ S2
e )− P(E)][P(M ∨ S2

µ)− P(M)]

+ [P(E ∨ S1
e ) + P(E ∨ S2

e )− P(E)− P(E ∨ S1
e ∨ S2

e )]×
× [−P(M ∨ S1

µ)− P(M ∨ S2
µ) + P(M) + P(M ∨ S1

µ ∨ S2
µ)] (15)

5 Trilepton triggers

5.1 Fully symmetric 3e/3µ trigger, n leptons

By induction:

P(Tn) = P(Tn−1 ∨ (Dn−1 ∧ `n))

= P(Tn−1)(1− P(`n)) + P(`n)P(Dn−1) (16)

with P(Dn−1) given by 6.

5.2 Mixed 2e µ/2µ e/e e µ/µ µ e trigger, ne + nµ leptons

P(Tne+nµ) = P(Ene)P(Mnµ) (17)

with P(Mnµ) given by 1 and P(Ene) by either 6 or 7 depending whether the two
electrons legs are identical or not.

5.3 Half-symmetric e 2e/µ 2µ trigger, n leptons

Superscript 1 indicates the leg of the symmetric part, and 2 the other leg; Dn−1

and An−1 stand for pseudo dilepton triggers built respectively with legs 1 + 1
and 1 + 2. By induction:

P(Tn) = P(Tn−1 ∨ (An−1 ∧ `1n) ∨ (Dn−1 ∧ `2n))

= [1− P(`λnn )]P(Tn−1) + [P(`1n)− P(`τnn )]P(An−1)

+ [P(`2n)− P(`τnn )]P(Dn−1) + P(`τnn )P(Dn−1 ∨An−1) (18)
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with P(Dn−1) given by 6, P(An−1) by 7, and P(Dn−1 ∨ An−1) by 10; the
latter’s expression is however greatly simplified since there is no single-lepton
trigger involved and the two “dilepton” triggers have a leg in common. Its
expression is therefore:

P(Dn ∨An) = [1− P(`λnn )]P(Dn−1 ∨An−1) + [P(`λnn )− P(`1n)]P(S1
n−1) + P(`1n)P(S1

n−1 ∨ S2
n−1)

(19)

5.4 Two complementary mixed 2e µ/2µ e/e e µ/µ µ e trig-
gers, ne + nµ leptons

Complementary = two electrons+1 muon for one trigger, and two muons+1
electron for the other.

P(Tne+nµ) = P((Se ∧Dµ) ∨ (Sµ ∧De))

= P(Se)P(Dµ) + P(Sµ)P(De) + [P(De ∨ Se)− P(De)− P(Se)][P(Dµ) + P(Sµ)− P(Dµ ∨ Sµ)]
(20)

with P(S) given by 1, P(D) by either 6 or 7 and P(D ∨ S) by 8 or 9.
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